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Abstract. Let S w +2(ro(N)) be the vector space of cusp forms of weight 
m + 2 on the congruence subgroup Jo(iV). We first determine explicit formulas 
for period polynomials of elements in S w +2 ( A) (N )) by means of Bernoulli 
polynomials. When N = 2, from these explicit formulas we obtain new bases 
for S w J t 2(ro(2)), and extend the Eichler-Shimura-Manin isomorphism theorem 
to i~o (2). This implies that there are natural correspondences between the 
spaces of cusp forms on i~b(2) and the spaces of period polynomials. Based on 
these results, we will find explicit form of Hecke operators on S m +2(i~b(2)). As 
an application of our main theorems, we will also give an affirmative answer 
to a speculation of Imamoglu and Kohnen on a basis of S„,+2(A)(2)). 



0. Introduction 

Let r be a congruence subgroup of 6X2 (Z). One of the most important problems 
in the theory of modular forms is to obtain explicit formulas for Hecke operators 
on cusp forms for r. When r is the full modular group SL^i!*), this was done in 
[8] , where we gave explicit formulas in terms of Bernoulli numbers Bk and divisor 
functions <7fc. Here we briefly recall the approach in [S]. 

For a cusp form / of weight w + 2 on SL2 (Z) with w > 2 even we consider the 
ro-th period 

too 



r n {f)= / f(z)z n dz, 0<7i<w. 
Jo 

Since r„ : S W +2{SL2{1')) — > C is a linear functional, there exists a unique cusp form 
R n of weight w + 2 such that r n (f) = (/, R n ), where (/, g) is the Petersson inner 
product. In [5], we first showed that a certain subsets of {R n } forms a basis for 
the space S w+ 2 ( SL 2 (Z)) of cusp forms of weight w + 2. We then studied the action 
of Hecke operators on this basis and obtained an explicit matrix representation of 
Hecke operators. The Dedekind symbols ( 9 ) played a central role in our argument. 
(Note that periods and the Hecke operators on periods have been studied by a 
number of mathematicians. To name a few, see Q] 13 E EH El CD3 ED DH US E2I] •) 
The main goal in this article is to extend our formulas from 5^2 (Z) to 7o(JV). 
Our starting point is the same as the case for SLaffi)- Namely, for a cusp form / 
of weight w + 2 on i~b(iV), we consider the n-th period r n (f) = J^ 00 f(z)z n dz for 
< n < w, and let Rr (N).w,n be the unique cusp form determined by the property 

r„(/) = 2- 1 (2 i )-+ 1 (/,i? ro(Ar) ^,„) 
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for all cusp forms / e S w+ 2(r (N)). (The choice of the constant 2~ 1 (2i) w+1 is to 
make our formulas look nicer.) However, for lack of Dedekind symbols on To (AT), 
the method for SL2CZ) in [5] would not work here, and we ought to develop a new 
method to handle the case Zo(AT). 

First of all, it is known in literature that these cusp forms Rr (N),w,n can be 
expressed in terms of certain Poincare series. We then observe that with those 
Poincare series representation, the action of Hecke operators on Rr (N),w,n ean be 
described very concretely. This observation turns out to be crucial in our method. 
This is because if a basis in terms of Rr (N),w,n exists, then we can compute the 
periods of Rr (N),w,n an d those of T m Rp fj^\ Wtn to get matrix representations of 
Hecke operators T m . This basically summarizes our approach. However, here we 
should remark that for a general integer N, the set {Rr Q (N),w,n} cannot possibly 
span the whole space. This is because the dimension of S w +2 (-To (N)) is roughly 
w[SL 2 (Z) : r n (N)]/12, while we have only w + 1 different Rr (N),w,n- For general 
integers, one might need to consider more general periods. (See [TJH1HE].) Further- 
more, for m and n with the same parity, not much can be said about r m (Rp ( N j w n ). 
Thus, for odd n, we consider only even periods, and for even n, we consider only odd 
periods. Consequently, we will only consider the cases where [6X2(2,) : 7o(iV)] < 6, 
that is, N = 2, . . . , 5. 

For the case N — 2 we are able to determine a basis for every even weight 
w + 2. To achieve this, we show that the images of the period maps are linearly 
independent for certain subsets of {Rr (2),w,n}- Then we obtain explicit formulas 
for Hecke operators by computing the periods of T m Rr (2),w,n- As a consequence 
of knowing an explicit basis for S w + 2 (ro(2)), we can establish the -To(2)-version of 
the Eichler-Shimura-Manin theorem ([7], [H], [15], [17]), which strengthens a result 
of Imamoglu and Kohnen ( |10| Proposition 3]. Furthermore, we give an affirmative 
answer to a speculation raised by Imamoglu and Kohnen [10 , which is described 
as follows. 

For even integers k > 4, let 

Ek°{*) = \ E ( cz ld)^ E ^ = \ E (czldY 

gcd(c,d) = l, 2\c v ' gcd(c,d) = l, 2\c y ' 

be normalized Eisenstein series of weight fc for the cusps ioo and 0, respectively. It 
is obvious that E % ^E\_ 2 ^ j = 2, 3, . . . , k/2 — 2, are all cusp forms of weight k on 
.To (2). Inspired by a conjecture of Chan and Chua |2j, Imamoglu and Kohnen [TU1 
Theorem 1] proved that these forms generate the whole space 5fc(/o(2)) of cusp 
forms of weight k on -To (2). The number of such forms exceeds the dimension of 
S l fe(J'o(2)) when k > 8, so it is natural to determine which functions form a basis for 
Sk(r (2 j). The experimental calculation in [10] suggests that the first few functions 
E^E^^, j = 2, 3, . . ., will constitute a basis. In this paper, we will prove that 
this is indeed true in general as a corollary of our main theorems. 

For the cases N = 3,4,5, we are unable to obtain analogous results, although 
our numerical computation suggests that the first d w cusp forms Rr (N),w,2ii i = 
1, . . . ,d w = dim S w +2{ro(N)), are always a basis for S w +2{ro(N)). In any case, as 
long as a basis in terms of Rr (N),w,n is found, we can use our formulas for period 
polynomials to obtain matrices for Hecke operators. 
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1. Definitions and statements of results 

Throughout the paper, we assume that N is an integer with N > 1 and w is an 
even positive integer. For a cusp form / 6 S w+ 2(r (N)) of weight w + 2 on r (N), 
we let 



Jo 

be the n-th period of /, and let the period polynomial r(f) be defined by 
r(f)(X):= f(z)(X-z) w dz. 



Furthermore, even and odd period polynomials r + (f) and r (/) are defined by 
rHf)(X) :=\{r{f){X)±r{f){-X)}. 

If we set 

V w := the vector space of polynomials of degree < w in one variable X, 
then we have homomorphisms of vector spaces: 

(r (N)) -> v w , 

r* : S»+ 2 (A(JV)) -> K,. 

Hereafter, B m (x) (resp. B m ) denotes the m-th Bernoulli polynomial (resp. num- 
ber). By we denote the m-th Bernoulli polynomial without its f?i-term f |12[ 
p. 208]): 

b ^)--= e (7k'-"' ' E f?)^" 

0<i<m ^ ' 0<i<m ^ ' 

i^l 2 even 

Moreover, sgn(x) denotes the sign of x £ K. For an integer n with < n < w, let 
n stand for w — n. 

First we need the following definitions to state our results: 

Definition 1.1. (1) For an integer n such that < n<w, we let Rr (N).w,n( z ) 
be the unique cusp form of weight w + 2 on Jq (N) characterized by 



2 -l(2i)»+l(/ 1 E ro (JV)iUJ) „) = / /(z)z" dz = r n (f) 

Jo 

for all cusp forms f of the same weight on Jo(AT), where 



(/,#)=// f(z)g(z)y w dxdy, z = x + iy, 

J Jr a (N)\n 

denotes the Petersson inner product of f and g; 
(2) For an integer n with < n < w, we define a polynomial Sff tW<n in X by 

The reader should be advised that our definition of the Petersson inner product 
differs from the standard definition by a factor [52^2 (Z) : Jb(iV)]. This is for the 
sake of making the presentations simpler. 

In our first theorem we evaluate the period polynomials of Rr (N),w,n- This 
result is crucial in our subsequent discussion. 
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Theorem 1.1. Let N be an integer greater than 1. For an even integer n with 
< n < w, we have 

r (Rr (N),w,n)(X) — <SjV,u>,nP0- 

Also, for an odd integer n with < n < w, we have 

r+ (Rr (N),w,n)(X) = Sn,w,u(X) 

(w + 2)B n+1 B. h+1 ( X w l-p-("+D 1 n l-p-("+ 1 ) 

(n+l)(h+l)B w+2 \ N LL 1 _ p -( w+ 2) N n+1 11 l _ p -( w+ 2) 

where p runs over all prime divisors of N . 

We remark that the formulas for period polynomials for the case N > 1 is actually 
simpler than those for the case N — 1 given in [12]. This is because matrices in 
-To(iV) with N > 1 cannot have zeroes at the (1, l)-entry and the (2, 2)-entry. We 
note also that the formula for the period polynomial r + (Rp ( N } w n )(X), n odd, 
has already been discussed in pQ . However, the discussion in pQ is in a very broad 
setting, and consequently, the formulas of pQ are too complicated to be applied 
readily to our situation. 

We now devote our attention to the study of the action of Hecke operators on 
Rr (N),w,n- F° r this purpose, we will need the following definitions: 



Definition 1.2. (1) For a positive integer ra, let 

a b 
c d 



H 



N,m '■' 



a, b, c, d € Z; ad — be — m; c—0 (mod N); gcd(a, N) = 1 > ; 



(2) For positive integers m and n such that < n < w, let 
Rr (N), w,n\ Z ) 

:=m w+1 c-) n ]T {az - b)fl+1{cz + d)n+1 , c w , n = (-l) n 2m ^ 



a b 
. c d . 



(3) For positive integers m and n such that < n < w, we define a polynomial 

S N.w,n in X by 
S^ W JX) := l - sgn(afe)(aX + b) n (cX + df 

abcb<Q 



V f gg?gV < d ) d " B° (nX)\ 
^ 1 n + 1 B *+ l{ NX } — Bn + l{aX) f ■ 



ad—ra. a>0 

gcd(a,AT) = l 



Then the actions of Hecke operators on Rr (N),w,n are explicitly as follows: 

Lemma 1.2. Let m be a positive integer, the action of the Hecke operators T m on 
Rr (N),w,n is 

T m (Rr (N),w,n) — Rr (N),w,n- 



We remark that Lemma 11.21 for the case N = 1 is casually mentioned in [12] 
without a proof. For the convenience of the reader we will provide a proof in 
Section [3] 
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From this series expression of T m (Rr (N),w,n), we can compute the period poly- 
nomials of T m (Rr (N), w ,n) for even n - 

Theorem 1.3. Let n be an even integer with < n < w. If m is a positive integer 
not divisible by N, then 

Furthermore, when m is a multiple of N, we have 

r-(R™ )(X)-S™ (X) {NX)W V KN/d) V c*B° ( md \ 

d\N c\(m/N) V 7 

w/iere n(d) is the Mobius function. 
Examples. 

(1) Let N = 4, w = 4 and consider the Hecke operator T2 on 5 , 6(-To(4)). Since 
T 2 sends a cusp form on -To (4) to a cusp form on Jo (2) and dim 5*6 (To (2)) = 
0, we should have S4 4 2 (^0 = 0. Indeed, we have 

Sl Aa {X) = ^B 3 ° (£) %Bl{X) 



3 J V 4 ^ / 3 
16X 4 ( \ 3 1 



- [X 6 + -X 



3 V 8 ^ 3 6 2X 

(2) Let N — 4, w = 6, and consider the Hecke operator Tg = Tf . Then 
TsRr (4),e,2 is a scalar multiple of Rr (2),6,2 since dim Sg (To (2)) = 1. Thus, 
the period polynomial r~(R^ o ^ 6 2 )(X) should be a scalar multiple of 
r~(Rr (2),6,2)(X). We have 

S 2 ,e,2(X) = ) - ^ 3 °(X) = -±(4X 5 + X). 

For r~ (R 8 ro ^ g 2 ), we find that there are 4 tuples (a, 6, c, rf) = ±(1, 1, —4, 4) 
and ±(1, —1, 4, 4) contributing to the first sum in Sf 6 2 (X), giving 

-1024(X 5 - 2X 3 + X) 

while the remaining part of Sf 6 2 (- 5 is 

^B 5 °(2/X) - ^B 3 °(X) = -^f (X 5 + 40X 3 - 56X). 
The other term in r~ (i?^^ 6 2 ) is 

E M(4/d)d- 2 ]T c i B° 3 (d/(2cX)) = 256(3X 5 - 4X 3 ), 

<Z|4 c\2 

and we find 

^(^ 8 r (4), 6 , 2 )P0 = -^( 4 ^ 5 - + X), 
which is indeed a multiple of r~ (i?r (2),6,2)P0- 
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Remark. Observant readers will notice that when the space S w +2(ro(N)) has 
dimension 1, we have 

where a m is the eigenvalue of the m-th Hecke operator. Thus, by considering 
the coefficients of the period polynomials of both sides, we can obtain explicit 
expressions for a m . For example, take TV = 2, w — 6. If we choose n = 2, then 
Theorem 11.11 yields 

r-(Rr o(2) , 6 , 2 )(X)=N 3 B i X 5 + ... , 
while Lemma 11.21 and Theorem 11.31 give, for 2 { m, 
r-(T m R ro(2) ^ 2 ) = X 5 N 3 B 4 £ a 2 d 

ad—m 



2X 5 (2ab{2c) 4 ~ 4a 2 (2c) 3 d) 



a,6,c,rf>0 
ad+2bc— tci 



Thus, for 2 \ m, we see that the m-th Hecke eigenvalue, is 
m J~] a + 240 ^ ac 3 {ad ~ be) = mai(m) + 240 ^ (u - v)ai(u)a 3 (v). 

a\m a,b,c,d>0 u+2v=m 

ad-\-2bc—m 

Although this formula looks like an interesting application of period polynomials, 
it, in fact, can be more easily obtained by applying the Rankin-Cohen bracket (see 
[2l[T6]) to the pair of modular forms 



1 



2q ln q n \ n3< ? 



,3„2n 



2 4 y n ^L, q — , 1 + 240V^V, (q = e 2 -) 

n—1 x / n— 1 



on r (2). 



In the remainder of the section, we restrict our attention to the case N = 2. In 
this case we are able to determine bases for S w+ 2{r (2)). For the sake of conve- 
nience, we set 



w- 2 



(i.e., d w is the greatest integer not exceeding (w — 2)/4). 



4 

It is well-known (see e.g. [6]) that 

dimS w+2 (r Q (2)) = d w . 

By applying Theorem 11.11 with N — 2 and showing the linear independence among 
the period polynomials of Rr Q ( 2 ),w,n f° r certain ranges of integers n, we can deter- 
mine a basis for S w+ 2(r (2)). 

Theorem 1.4. Each of the sets 

{Rr (2),w,2i I i = 1) 2, ■ ■ • , d w }, {Rr (2),w,w-2i I i = 1, 2, . . . , d w } 

and 

{Rr (2),w,2i-i I i — 1,2, ... , d w }, {Rr (2),w,w-2i+i I i — 1,2, ... , d w } 
forms a basis for S w +2 (i"b (2))- 
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Now if / is a cusp form of weight w + 2 on i"b(2) such that T2i-i(f) = for 
all i = l,...,dto, then we have (/, Rr (2),w,2i-i) — for all i = l,...,d w - In 
view of Theorem 11.41 this implies that / is identically zero. Thus, we see that 
the map / i— > (ri(/), (/),..., V2d w -i{f)) is an isomorphism and consequently 
r~ : 5^+2 (2)) — > K« is injective. The same argument applies to other similar 
maps as well. This is the 7o(2)-version of the Eichler-Shimura-Manin theorem ([7], 

na, ca. mi)- 

Corollary 1.5. TTie maps 

r + ,r- : ^+2(^(2))^^ 

are 6oi/i injective. 

Note that the r~ case in Corollary 11.51 was proved in [10] by a different method. 
However, our result is stronger in the sense that we have actually shown that the 
function 

/-> (n (/),... ,r 2dw . x {f)) 
and other similar functions are isomorphisms between the vector spaces S w -\-2{Tq(2)) 
and C d ™. 

The proof of Theorem 11.41 can be modified to yield alternative bases for -To (2), 
which in turn implies the speculation of Imamoglu and Kohnen |10j mentioned in 
the introduction that the first d w products ^2j+2-^tt>-2jj j = 1, . . . , d w , form a basis. 

Theorem 1.6. Let E"!£° and E®j be the normalized Eisenstein series of weight 2j 
on -To (2) associated with the cusps ioo and 0, respectively. Then each of the two 
sets 

{ E 2j+2 E ^2j I J = 1. • • • ) dw}, {E w -2j E 2j+2 I J = 1) • • • ! d w} 

forms a basis for S l u) +2(r'o(2)). 

The proof of Theorem 11.61 is slightly more involved than that of Theorem 11.41 
since it requires an exact evaluation of Hankel determinants of Bernoulli numbers. 
The proof of the determinant formulas is supplied by Christian Krattenthaler, and 
will be given in Appendix A. 

Finally, as an application of Theorems 11.11 11.31 and 11.41 we will give explicit 
formulas for the Hecke operators on 5 , u ,+2(/o(2)). Let 

w w 

f{X) = a v X w - v and g(X) = KX W ~ V 
be polynomials in X with degree < w. Then their inner product (/, g) is defined 

by 

w 

(f,g) ■= ^2a v b v , 

where b v denotes the complex conjugate of b v . 

Under this notation we obtain the following result. 

Theorem 1.7. Let m be a positive integer, and let T m be the matrix representing 
the Hecke operator 

T m '■ <5 , U) +2(/b(2)) — > S w +2(ro(2)) 

with respect to the basis 

Cw,2iRr (2), w ,2i (i = 1, 2, . . . , d w ). 
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Let Si and S2 be matrices defined by 

Si := [(S2,w,2i, S<2 tWt 2j}] (i, j = 1, 2, . . . , d w ), 

S 2 := [(5 2 , w , 2i ,^ )2i )] = 1,2,..., d w ). 

Then T m can oe expressed as 

T m = S 1 S2- 

Consequently, this gives an algorithm for computing the matrix T m representing 
the Hecke operator T m on S , tiI +2(^'o(2)). We append a computer program in the 
last section. 

We conclude this section with two examples. 

Examples. 

(1) Consider the Hecke operator T 2 on Si2(To(2)), which is of dimension 2. We 
have 

S 2 10 2PO = - — (192X 9 - 320X 7 + 168X 5 - 45X 3 + 5X), 
45 

S2,w,4 x ) = ^o( 160x9 ~ 280x6 + 168x4 ~ 55x3 + 7X )' 

128 

-Sf,lQ,2pO = ^"( 12X9 + 5X7 ~ 42X5 + 30X3 ~ 5X )' 



32 

Slw A (X) = - — {MX 9 - 35X 7 - 42X 5 + AOX 3 - 7X). 



Thus, 



sr 1 s 2 



-208 36 
v -1120 184, 

whose characteristic polynomial is x 2 +24x+2048. To check the correctness, 
we observe that the space Si2(i~b(2)) is spanned by A(z) and A(2z), where 



A(z) = e 27 " z ]J(l-e 27rmz ) 24 

n=l 



We find 

T 2 A(z) = -24A(z) - 2048A(2z), T 2 A(2z) = A(z). 

It is clear that the characteristic polynomial of T2 is indeed x 2 + 24x + 2048. 
(2) Consider N = 4 and w = 8. The space 5'io(/o(4)) has dimension 3 with 
a two-dimensional oldspace coming from 5io(^o(2)) and a one-dimensional 
newspace. We can show that -Rr (4),8,2i> ^ = 1, 2, 3, form a basis. Thus, by 
the same reasoning as that for Theorem 1 1.71 the matrix of a Hecke operator 
T m with respect to c Wt 2iRr a (i),d,,2i would be SJ~ 1 S2, where 

51 = [(S4,8,2i, S4,8,2j)] (h 3 = 1, 2, 3), 

52 = [(S 4 ,8,2 4 ,S4 m 8,2,}] (i, J = 1,2,3). 

Take m = 3, for example. We find 

/ 2456678965260 -224610211392 61847064000 \ 
Sr 1 S 2 = 37961609400000 -3470759119380 955676880000 , 

152915 ^40281954570000 -3682878636192 1014067309260/ 

whose characteristic polynomial is (x — 228)(x + 156) 2 . Therefore, the 
eigenvalues of T 3 of the Hecke eigenform on r (2) and the newform on r (4) 
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of weight 10 are —156 and 228, respectively. Indeed, the Hecke eigenform 
on Jo(2) of weight 10 is 

2nq 2n nq r ' 



and the newform on .To (4) of weight 10 is 



— n 3 q 2n 



r](2z) 12 1 + 240 V ^5- = q + 228g 3 - 666g 5 + • • • . 

V 1 - ^ V 

2. Proof of Theorem 11.11 

First we give a characterization of the cusp form Rr (N),w,n( z ) m terms of certain 
Poincare series. Recall that (/, g) denotes the Petersson inner product of / and g 

in S w+2 (r (N)). For 7 = a in GL^(R), /| 7 is defined by 

(/| 7 )(z) := (det^+V + d)— 2 /(f^)- 

Lemma 2.1. for < n < w, the cusp form Rp (N) w n * s given by 
(2.1) 

fir »M* = C »'» 5] ( fl z + &)«+! ( C2 + d)«+i' c -,« = (- 1 )"2^ 

Proof. The proof for the case N = 1 is given in [4j. (See also [12].) For general iV, 
the lemma is just a special case of Proposition 3 of pQ. We reproduce it here for 
the sake of completeness. 

Let R n denote the function on the right-hand side of (|2.ip . We have 





= 4 <I) (I) S pr-v„ ( /). 

Then the lemma follows. □ 

Next we study how Rr (N),w,n{ z ) behaves under the Atkin-Lehner involution 
r -li. 
In J • 

Lemma 2.2. For all integers m and n with < m < w and < n < w, we have 

Rr (N),w,n(j-j-^) = (- N ) n+lzW+2 Rr„(N).w,n{ z ) 

and 

fm(Rr (N),w,n) — {~N) n ~ m r 7 ~ n {R ro ( N - )wfl ). 
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Proof. Recall that the Atkin-Lchncr involution lun defined by 

is self-adjoint with respect to the Petersson inner product. Thus, we have, for all 
cusp forms / of weight w + 2 on r (N), 

/•ioo -i 

(f,Rr (N), w ,n\u, N ) = (f\u, N ,Rr (N), w ,n) = 2(2i)— 1 ^ (VNz)- w - 2 f( — )z n dz. 
We then make a change of variable z — 1/Nz in the integral. We find that 
(f,Rr o{N) , w ,nU) = 2(2,) — ^ Jj^N z )^f( z ){-N Z y n — 

= ( _ ir+ l r /2-« (/ifirBW ^ ) . 

It follows that 

Rr (N),w,n\ UN = ( — l) n+1 N w / 2 n Rr (N),w,hi 

which is equivalent to our first assertion. We now prove the second assertion. 
Since wn is an isometry with respect to the Petersson inner product, we have 

2(2*)-™- \ m {Rr (N),w,n ) = (Rr Rr 

= {Rro(N),w,n\u>N i Rro(N),w,m\u>N)- 

Then by the first part of the lemma, we see that 

r m (Rr (N),w,n) = 2~ 1 (2«)™ + 1 (-l) m+n iV™~™~' n (i? ro ( A r)^, !S , Rr (N),w,m) 

= (-N) n ~ m r A (R ro ( N)wfl ). 
This completes the proof of the lemma. □ 

Now we are ready to prove the following proposition which is a key for our 
arguments: 

Proposition 2.3. Let c w ^ n = (— l) n 27rz(™) . For < m < w and < n < w with 
opposite parity, we have 

(1) if m + n > w, 

_ 2m (m + 1\ 2ni 
y " ' m + 1 \ n J Nn 



- s„ 

(2) if m + n < w, 



w + 2\ 2niB n+1 Bn+i -,-r 1 - 



n+l) (w + l)AT"+ 1 J B t „ + 2 n i _ p -(w+2) ■ 

p\N 



, D s_, AT ,n- m ( Ziri frh+l\ 2ni 

Cw,nTm\n r ( N \ wn ) — {~l\) — — —I I £>rri-n+l TT^^m^n+l 

\ m + 1 \ n J Nn 

fw + 2\ 2 m B n+1 B fl+1 yr l-p-<" +1 ) ' 
m '° \n+l){w + l)N^B w+2 11 1 - p-(»+2) 

w/iere <5, ; j is t/ie Kronecker delta symbol. 
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Furthermore, for an odd integer m with < m < w, we have 



r m (Rr (N),w,w) 



m + 1 Nw 

iV m + 1 (m + l)(m + 1)5 ^+2 l-p-(^+ 2 ) 

p|iV 



and 



(w + 2) i? m+ i Bm+i 
iV" l+1 (m + 



gm+lgm+l TT 1-P' ( " t+1) \ 

l)(m+ 1)^+2 11 i- p -(«+a) J 

p|iV / 



Proof. To ease the notations, throughout the proof, we write 

Rn = Rr„(N), w ,n = c w ) n J2 ( az + b)*+ 1 {cz + d)"+ 1 - 

[ a c b d ]^o(N) 

Here we first consider the cases where to > n > (that is, to + n > w); the results 
for the remaining cases will follow from these cases using Lemma l2~2l Now for such 
to and n, we partition the sum defining R n into three parts, 

Cw, n Rn(z) = ^2+ ^ + 

c=0 6=0, c^O fcc^O 

and let Sj, z = 1,2, 3, denote the i-th sum, respectively. 
For Si we have 

(2.2) + £ = 2 E^ T W = ^l^£ rV7r " 

ri 6i r-i -61 6ez v ' r=i 
Lo lJ L o -lj 

where in the last equality we use the formula 



y (z + b) -n = (_^pLy r n-i 
^ y ' r(n ^ 



i — 1 2-irirz 



e 



valid for all positive integers n and complex numbers z with Im z > 0. It follows 
that 

3 9(-_9_„-U~i+l /-too oo 

z m S 1 (z) dz = 1 > / z m Y r h e 2 ™ z dz 

n\ Jo f~[ 

= 2(-27ri)"- m ^T y r-(" l - fl+1 ) = 2(-27ri)"- m ^C(w - n + 1). 



Using the well-known formula 

(2-3) C(2p) - ^r 22p_1 ^ PB 2 P (p>0), 

we simplify the last expression to 

(2.4) f °° (z) = -Bj- f m + ^ B ro _ fi+ i. 

/ n to + 1 V ra / 
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We next consider the contribution from 

S 2 (z)=2 Y, z n+l {cNz+ l)n+r 

We first show that the integral 

rioo 

\ z m S 2 (z)dz 
Jo 

converges absolutely when m > n + 1. For z with \z\ <C 1 we have 

i <<; fi, if Id «i/M, 



|dVz + l| B + 1 ~ \\cz\- n -\ if|c|>l/|z|, 
and hence 

^ lc7V z + ll" +1< ^ + \z\ n+1 ^ lcl" +1 ^ \z\' 
cG z,c/o |WVZ + i| |c|<l/|*| 11 |c|»i/|z| |c| |z| 

For |z| ^ 1 we have 

f 



\cNz + l\ n + 1 \cz\ n + 1 
and 



.ciVz + fl'^ 1 
cez,c^o 1 1 11 



ft follows that, for m > n + 1, 

V , * r^rr<fo« / i m ~"~ 2 ^ + / t m - % - n - 2 dt< 



ZOO -] /-l 

|z|™+ 1 |c7Vz + l| n + 1 Jr. 



Now, having proved that /J 00 z m S2(z) dz converges absolutely for m > fi + 1, we 
can change the order of integration and summation freely at will. We have 



rioo nioo 

/ z m S 2 (z)dz = 2 z m-h-l ^ 
Jo Jo „. 



dz 



c£Z,cj=0 



(cNz + 

^ m _n_i M ^ z) m 



^ 1 ( (cNz + l)^ 1 dZ + J- loo {-cNz + !)«+! ^ 



V / Z I "-™- 1 7 — —r dz. 



cGZ.c^O 



We then move the line of integration to the far left or the far right according to the 
sign of c. Thus, the integral is 0, provided that m > n+ 1. 

For the case m = n+ 1, we first observe that, for large z, we have p. 511 . which 
in term implies that 

z m S 2 (z)dz 
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converges absolutely for any given e > 0. It follows that 

dz 



/ z m S 2 (z)dz = 2 Km V 
in Ji f ^ (cNz + l) n+1 

= 2 lim V ^ 



lim A _ 



2e 



(ciVz + 1)' 



— r = lim — — ^ 

+ 1 e^o Nn ^— ' 



iVn ^ c(idVe + l) n 



E 

c=l 



(1 - icNe) n - (1 + iciVe) 7 
(ce)(l + c 2 N 2 e 2 ) n 



Now the last expression is a Riemann sum of the integral 



(2.6) 2 



Jo 



(1 - iNx) n - (l + iNx) r 
Nnx(l + N 2 x 2 ) n 



dx 



f 

J —1 



(1 - iNx) n - (1 + iNx) r 
Nnx(l + N 2 x 2 ) n 



dx, 



which, by moving the line of integration to Im.x = 00 and counting the residue at 
i/N, is shown to be equal to —2ni/(Nn). Thus, we conclude that 



(2.7) 



/' 

Jo 



z m S 2 (z)dz 



0, if m > h + 1, 

-2wi/(Nn), ifm = n + l. 



We now consider the contribution from S 3 (z). For this it is necessary to distin- 
guish the two cases m < w and m — w. For the former case m < w, again, we first 
show that the integral 



/ z m S 3 (z)dz = / z m V 
Jo Jo ,, n 



dz 



(az + b) h + 1 (cz + d) n+1 



bc^O 

converges absolutely. For \z\ <C 1, write 

i /cz z (C 

b,d 



-(n+l) 



where in the inner sum, for a given pair of b and d, the number c is an integer 
satisfying N\c, \c\ < d/V, and be = —1 mod d, and /i runs over all integers satisfying 
c/d + hN ^ 0. (In particular, when d ^ ±1, h runs over all integers.) Now 



— + — + hNz + 1 
d bd 



-(n+l) 



-z + hNz + 1 
a 



-(n+l) 



1, if |/iiV + c/d| < l/|z|, 

|(WV + c/^zl-" 1 - 2 , if \hN + c/d\ > 1/|4 



It follows that 
(2.8) 



E 



|az + 6|"+ 1 |cz + d|™+ 1 |z| 
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for \z\ <C 1. Furthermore, for \z\ 1, we write 

1 



E 



\az + b\ h+1 \cz + d\ n+1 
I b d ]er (N),bc?Q 

E 



N n+i\ z \ w +2 \a + bN/{Nz)\ fl + 1 \c/N + d/{Nz)\ n + 1 ' 

Then by the same argument as before, we find that the sum is bounded by \z\~ w ~ . 
It follows that 

z m S 3 (z)dz 

converges absolutely when m < w and we may change the order of integration and 
summation freely. Now we have 

1 



S 3 (-z) = ]T 



(-az + fe)" +1 (-cz + d) n+1 
[c b d ]tr (N),bc^o 

= { - ir+1 E ( az -6)«+i(-cz + d)«+i = 

and thus 

(2.9) / z m S 3 (z)dz = - z m S 3 (z)dz. 

Jo 2 J-ioo 

Furthermore, for each [" ^1 € ro(N) with 6c 7^ we have a&cd > and conse- 
quently the two poles — b/a and —d/c of z m /(az + b) n+1 (cz + d) n+1 lie on the same 
side of the imaginary axis. This implies that 



(2.10) / 



dz = 



(az + b) A+1 (cz + d) n+1 
for all [« jjj] £ r (N) with be ^ and we have 

/•ZOO 

(2.11) / z m S 3 (z)dz = Q 

Jo 

when m < w. 

We now consider the contribution of S 3 for the case m — w. We write, by (|2.9p . 

/ z w S 3 (z) dz=- lim / z w S 3 (z) dz 
Jo 2e -°i-,/ £ 

~ 2 ™o ^ 7_ t/e (az + b) A+1 (cz + d) n+1 ' 

Here the change of order of summation and integration is justified by the estimate 
Using (|2.10p we reduce the last expression to 
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We then make a change of variable z — ij (et) and obtain 

dt 



pica pi 



I b d \er (N)M^o 



2i J_ x (a - iet6)"+ 1 (c - ietd) n+1 ' 



We rewrite the sum as 

E E E • 

[ a c b d ]er a {N).c^Q [i°]ero(JV),c/o [-1 \] er (JV),c^o 
The latter two sums are bounded above by 

~ f 1 dt ~ 1 

^ / i \c-iet\ n+1 t—' c n+1 

c=l "'-i 1 1 c =l 

Thus, as e tends to 0, the latter two sums vanish. Consequently we have 
J z-S 3 (z)dz = -hm E YiJ \ {a-ietb)^{c-ietd)^ 

Hm y ' 



e^O ^ a™+ 1 c n+1 
(a,c)=l, JV|c, c^O 



V -1 



2i J_x (1 - id;/i) fi + 1 (l - iet(h + l/ac)) n+1 ' 

where for a given pair (a, c), 6 denotes an integer satisfying be = — 1 mod a. Now 
the inner sum is a Riemann sum of 



1 f 00 f 1 dt 



■ dx. 



2i J^J^ {l-ixt)^ 
The evaluation of this integral is similar to that of (|2.6p and we find that it equals 

l_ rif 1 1 ^ dx= -j±- 

2{w + 1) J_ oa x V (1 - ix) w+1 (l + ix) w+1 J w+1' 
Therefore, we have 

ni \ - 1 



plOO 

/ ^s 3 (.)^ = ^- e 



a n+l c n+l 

(a,c) = l, iV|c, c^O 



Finally, we find 



00 00 

V - = 4 V — V 

Z-^i n n+l r n+l / j n n +l t-^< 



(o,c)=l,JV|c,c^0 o=l, (o,JV)=l c=l,(a,c) = l v y 



4 00 1 00 1 

iV^+l" E ^+1 E ^ E (cd)n+l 

o=l, (o,JV)=l d|a c=l v y 

4C(n + l) ^ ~ 1 



N n+1 d n+i ( a d)s+i 

d=l, (d,iV)=l a=l, (a,iV)=l V y 

4C(n + l)C(n + 1) yj 1 - 



C(w + 2)7V™+1 11 1 -p-(«H-2)' 



16 



SHINJI FUKUHARA AND YIFAN YANG 



where the product is taking over all prime divisors p of N. With (|2.3p the last 
expression becomes 



2 fw + 2\ B n+1 B^ +1 -j-j- 1_- 



N n+1 \n + lj B w+2 li l-n-(" , + 2 )' 

p\N 

In summary, we see that, for integers m and n, < m < w, < n < w, with 

opposite parity and m + n > w, 

(2.12) 

!0. if m < uk 

fw + 2\ 2mB n+1 B fl+1 n i- p -(n+i) 
\n + l) {w + l)N^B w+2 111- p-(™+ 2 )' 

Combining (|2~i|) . (|2~7| and ([2~T2]) , we conclude that 

27TI /m + l\ 27TJ 
Cu;,n? , m(-f?.ro(AO.tt>.n) = ~T ~ -°m— n+1 77 ^m,n+l 

v ' m + 1 \ n / Am 

'10 + 2\ 27riS n+ iS fi+ i -n- 1 - p -(a+D 



Dfi+l t r i 

n + 1 / (w + l)7V«+iB,„ +2 Al r-p-( I "+ 2 ) 



for the cases m + n > w. 

For integers m and n satisfying m ^ n mod 2 and m < n, or equivalently, 
m + n < w, we make use of Lemma 12.21 We have 



r m {R n ) = {-Nf- m rrh{Rn). 

Now m + n > w and we can apply the formula just obtained with m and n replaced 
by m and n, respectively. We find that 

. , . fi_ m I 2tt{ /m + l\ ^7ri 

C Wj nr m \Rn) = ( — iV) ~ — — T ]Bfh-n+l rT^Om.n+l 

y m + 1 \ n J Nn 

_ fw + 2\ 2iriB n+1 B h+1 yr l-p-(" +1 > \ 
m '° \n + l) (w + l)AT*H- 1 .B u , + 2 A A i _ p -(*>+a) J ■ 

This proves the the proposition for the cases < n < w. Now for the cases n = 
and n — w, by Dcfinition ll.il we have 



r m (Ro) = 2-\2i) w+1 (R ,R m ) = 2- 1 (2i) w+1 (R m , R ) = -r Q (R m ) 

and also 



fm\Rw) — fw\Rm) 

At this point we insert the formulas just obtained into the equations above. After 
simplification, we arrive at the claimed formulas. This completes the proof. □ 



We now give a proof of Theorem 11.11 
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Proof of Theorem \ 1 . 1\ By Proposition ^. 3[ we have 



0<m<Cw 
m odd 



E 

0<m<n 
m odd 



W \ /fa + l\ X 



E 

n<m<-u; 
m odd 



n / TO + 1 

uA /to+ 1\ N fl -™X m 



TO + 1 



I? 



m— n+1 



w \X 



n — 1 / iVn 



n + n 



-n+1 



After a straightforward simplification, the first sum in the last expression becomes 

— j— r E ( U + l )x m Bn- m +1 = ^-(B° +1 (X)-X^), 
n + 1 \ m I n + 1 v ' 



0<m<n 
m odd 



while the second sum is reduced to 

'n + 1 
n+1 f — \ to 



— E 

n + 1 



n<m<u; 
rn odd 



n+1 



/ 1 



1 



Altogether, we see that 

as claimed in the statement. 

The proof of the statement about r + (Rr Q (N),w,n) for odd n is almost the same, 
except that there are two extra terms 

/w + 2\ 2mB n+1 B n+l I 1 n 1 p-i^+i) x w ^ 1 - ' 1 1 



j_ x-p _ ±_ TT 

n+1 »-0+ 2 ) AT 11 1 



p|JV ^ 



p|JV 



x n + iy (w + l)B,„ + 2 
We shall omit the details here. 

3. Proof of Lemma [TT21 and Theorem 11.31 



V 



-(w+2) 



□ 



Let to be a positive integer. Recall that the congruence subgroup ro(N) acts on 
the set 

a b 
c d 



H 



N,m 



a,b,c,d E Z; ad — be = to; c = (mod N); gcd(a, N) = 1 



by matrix multiplication on the left. The standard set of coset representatives is 
given by 



M 



N,m 



a b 
d 



, d G Z + ; ad = to; gcd(a, AT) = 1; 6 = 0, . . . , d — 1; 



In particular, we have the following lemma. 



18 



SHINJI FUKUHARA AND YIFAN YANG 



Lemma 3.1. One has 

With this lemma, it is straightforward to prove Lemma 1 1.21 



Proof of Lemma lLM Let / € S w +2(ro(N)) be a cusp form. Recall that the Hecke 
operator T m is defined by 

T m /(z) = m™/ 2 (/WW' 
Thus, from Lemma |2.H we have 



T m Rr (N), w ,n( Z ) - C w]n T m J2 ( flz + h )n+l( cz + d )n+l 

[ a c b d )er (N) 

-1 rp 



C^ ( , ~, J rn, y Z I 



yer (N) 



171 c w,n / . / . z \1\a 



1 T 

i'eH N .„ 



IV I 
L c t 

^T {N),w,n( Z )- 



1 



{a'z + b'y i + 1 {c'z + d') n + 1 

a , ^leHw.m 



Here we used the identity 

H N , m = r {N)M N . m 
in Lemma T3. II This completes the proof. □ 



Proof of Theorem \1.3[ The proofs of Proposition [273] and Theorem 1 1.1 1 are valid for 
this theorem with a few modifications. Let n be an even integer and write 



c w , n r ^ (az + b) ri+1 (cz + d) 



n+1 ' 



la b 
[c d 

We are required to evaluate the integrals 

ziR™(z)dz 

Jo 

for odd integers j. 

For j with j > h, we partition the sum i?™(z) as 

m-™- 1 c u ,, n iOz) = E+ + Yl Yl =Si + S 2 + S 3 + S 4 + S 5 . 

c=0 fc=0,c^0 abcd>0 d=0 abcd<0 

The evaluation of /J 00 Si{z)z^ dz, i = 1,2,3, is almost the same as that of the 
corresponding integrals in Proposition 12.31 For instance, if we replace z by az in 
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(|2.2p . multiply by dr^ n+1 ^ and sum over all pairs of (a, d) satisfying ad = m, then 
we get the Sx (z) function here. Thus, it is easy to see that 

(3-D f^w"^f!>-« E ^ 

J0 ad=m, a>0 

gcd(a,AT) = l 

for j > ri. Likewise, for £2(2) we have 

fO, ifj>n + l, 

(3.2) / z j S 2 (z) dz = I -— Y -=^j-, if j = n + 1. 

I ad—7n, a>0 

^ gcd(a,7V) = l 



Furthermore, the argument in Proposition 12.31 shows that 

rioo 

(3.3) / z J 5 3 (z)(iz = 



since j is assumed to be odd and can not be or w. 

The sum S4 is actually empty unless N\m. When this occurs, we have 

S *( z ) = E ( az + 6)A+i(ciVz)«+ 1 



1 N 1 



(dvz)n+1 ^ ^ ((aiv+ , )z+5) , +1 - 

-bcJV=m gcd(/i,JV) = l 

The innermost sum is equal to 

1 1 _ ( — 27Tz)" +1 ^ h 2mr{h/N+b/Nz) 

(Nz)^ 1 ^(a + h/N + b/Nz) A + 1 (iVz)" +1 n! ^ 

Set 

AT JV/d 
/( r ) = E e 2«rh/JV = £ ^) g gihrfrM/W 

h=l dlJV h=l 

gcd(/i,AT)=l 

= ^v E ^r- E m(w 

d\N, N/d\r d\ gcd(AT,r) 

Then we have 

pioo ni n -\n+X pica -. 00 

/ z^ 4 (z)rfz = \ 'I, / ^"+ 2 > V * ^/(^V™ 6 '"*^ 

-bcN=m 

2(-2mf +1 f lco ■ ^ 1 



N w + 2 n\ J 



/ E -irE/M^ e2mr|b|2/JV ^' 



c>0 r=l 
— bcN—m 



where j = w — j. When n > j, we may integrate term by term, and the result is 



00 

-bcN—m 
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Now we have 

E ^TT = E "W^E T^TT = C(» - i + 1) E MAW 

r=l d|JV r=l V ' d|JV 

Simplifying the result, we get 



c\(m/N) d\N 



for n > j. 

For n < j, we write 



/>ioo />oo 

/ ^5 4 (z)dz = ^ +1 / t j S 4 {it)dt 
Jo Jo 

and observe that the integral 

/>oc 

/ t s S 4 (it)dt 
Jo 

defines an analytic function for Res < n. Thus, by the uniqueness of analytic 
continuation, the formula 

/ z^S i (z)dz= { - \ L-X(n-j + l) Y L^Yn( N /d)di- n . 

— bcN—m 

remains valid for n < j. In summary, we have shown that 

(3.4) / z>S 4 (z)dz= [ ~ E c n 2^f*( N / d ) dl > 

where is understood to be if I < 0. 
For 55, we have 

a^Jo («* + b) n+1 (cz + d)^ 2 a ^J. ioo (az + b)^(cz + d)^ 

To evaluate the integrals, it turns out to be easier to work with the polynomial 



toe 



F(X)= I 7 ,[ X +i^ W n Ti dz 

' (az + b) n+1 (cz + d) n+1 



instead. Observe that 



for I = 0, 1, . . . , n — 1, and 



d 



•l 



7 F(X) 



dX f ~ 

,F(X) 



= 

X=-b/a 



= 

X=-d/c 



dx £j 

for £ = 0,1 ... ,fi — 1. This is because in these cases the integrands have only one 
pole at —d/c for the former cases and at — b/a for the latter cases. This implies 
that 

(3.5) F(X) = C(aX + b) n (cX + df 
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for some constant C. To determine the constant C, we consider 

d" 



;F(X) 



X = -b/a 



dX n 

Using the integral definition of F(X), we have 

*w\ r°° dz 



in 

F(X) 



dX 



= a~ n 



x=-b/a n\ J_ ioo (az + b)(cz + d) n+1 

it)! 
n ' 



2msgn{ab)a- h - 1 — {-bc/a + d)- n - 1 



n—l „n— fi 



2vrisgn(a6)m " a 



On the other hand, using (13. 5|) we have 

ri™ - 
' =Cn!a n (-l)c/fl + (i)'" = Cm ,l ffl n -"n!. 



X=-b/a 



Comparing the two expressions, we see that C = m w 1 sgn(ab)c w n and 
(3.6) 

rioo i 

/ {X-z) w S 5 {z)dz= -m- w - 1 c w<n V sgn(ab)(aX + b) n (cX + df. 

afccd<0 

Altogether, (JSHD , ([Q]) . and (315) give the evaluation of fj(ii™ (JV) w J 

for j > n. 

For the cases j < h, we partition the sum 

m w c w,nRr" (N),w,n( z ) 

as 

Y.+ J2 + J2 + J2+ J2 = s 1 +s 2 +s 3 +s i +s 5 

fc=0 c—0, b^O abcd>0 d=0 abcd<0 

instead. The terms S3, S4, and Sg are the same as before. For Si and S2 we first 
make a change of variable z 1— > —1/z in the integrals J" z 3 Si{z) dz first. Then the 
evaluation is done in the same way as above. We find 

2mN h -i f~j + 1\ x 1 



7 + 1 V » / J ^ a S+1 *' +1 



ad—m, a>0 
gcd(o,JV)=l 



and 



'0, ifj<n-l, 
z J S2(z) dz = I — ^ . . if?' = n + l. 



ad—m. a>0 

gcd(a,Af) = l 



We then insert the all the estimates above into the definition of r {R™, N -< w n )(X). 
After simplification we arrive at the claimed formula. □ 
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4. Proof of Theorems 11.41 EH AND H -71 
We first give a proof of Theorems 11.41 
Proof of Theorems \l-4\ Write d = d w . To prove that 

{Rr {2),w,2i I * = 1, • • • , d w } 

is a basis, it suffices to prove that the polynomials 

r ~(Rr (2),w,2i){X), i=l,2,...,d 

are linearly independent over C. 

By TheoremO for i = 1, 2, . . . , d, the coefficients of X w - 2 i +1 , j = 1, 2 . . . ,d, 

in r~(Rr o(2 ), w ,2i){X) is 

2 ™_2i-2i+l / w _ 2 j + A 

o- , i o- i - B w-2i-2j+2- 

W — 2l + 1 \ 2] — 1 / 

Therefore, the proof of the theorem reduces to that of 



(4.1) 



det 



B 



w-2i-2j+2 



7^0. 



- 2tU -2i-2j + l / w _ 2 j + p 
i<i,y<d [w — 2i + l\ 2 j - 1 

This would follow immediately from formulas in Theorem A of Appendix A. Here 
we provide an alternative proof that does not require more advanced tools from the 
theory of continued fractions. 
Using (USD we nnd 



2 w-2i-2j+l / w _2i + l 



(_l)w/2-i-j ( w _ 2i)\ 
B W -2i-2 j+ 2 = \ w L 2 i-2 j+ 2 ( 2j -l)! C(W - 21 - 2j + 2) 



w - 2i + 1 V 2j - 1 
and consequently the determinant in (14. ip is equal to 

C det [C(w-2i-2j + 2)] 

l<i,j<d 

for some non-zero number C. Now we have 



det \((w -2i~ 2j + 2)1 = V det 

l<i,j<d ^— ' l<ij'<d 

roi,...,mj=l 



-u)+2i+2j-2 



E x det 



<i,j<d 



2j-2 



n 



-uj+2i 



mi,...,m d = l 

By the Vandermonde identity, the last expression is equal to 



e n ( 

mi,...,m<j= 1 l<i<j<d 

This sum can be alternatively written as 



2 2 
m„ — TTij 



)n 

i=l 



-to+2i 



-to+2i 



V(i) 



e n k-^e^iI 1 

Kmi<...<md l<j<j<ci crgSd »=1 

where the inner sum runs over all elements in the permutation group Sd, and e(a) 
denotes +1 or —1 according as the permutation er is even or odd. Observe that this 
inner sum is in fact the expansion of the determinant 



det 

l<i,j<d 



-w+2il 
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Using the Vandermondc identity again, we evaluate the above determinant as 



n ^ 

l<i<j<d 



Therefore, 



del ; [C(u>-2i-2j + 2)] - 



£ II {rnl-m)fj{mr w . 



Kmi<...<md l<i<j<d 



1=1 



Since the summands above are all strictly positive, this implies that (14. ip holds. 
This proves that {Rr (2),w,2i I i = 1, ■ ■ ■ , d w } is a basis. 

The proofs of the other three cases are similar. For the set {Rr (2),w,w-2i I i = 
1, . . . , d w }, we find that the coefficients of X 2 ^ 1 in r~ (Rr (2),w,w-2i){X) is 



w - 2i + 1 



to - 2i + 1 
2J-1 



By the same argument as before, we see that Rr (2),w,w-2i, i = 1, ■ ■ ■ ,d w are linearly 
independent. For the cases {Rr (2),w,2i— 1} an d {-Rr (2),iw,«;-2i+i} wc consider the 
coefficients of X" 1-2 ^ and X 2j , j = 1, . . . , d w , respectively, in r + (Rr (2), w ,2i-i){X) 
and r + (Rr (2), w ,w-2i+i){X)- The details are omitted. □ 

Proof of TheoremUIR Write k = w + 2. Let S% u (r (2)) and S£ cw (r (2)) be 
the spaces of oldforms and newforms of weight k on To (2), respectively. Let 
d' k = dim 5^(5X2(2)), and fi, ■ ■ ■ , fd' be the normalized Hecke eigenforms spanning 
S k (SL 2 (Z)). Then the functions 



9i = fi + fi 



9d' 



fi fi 



form an orthogonal basis for (Jo (2))- Let also (fed' +i 5 • ■ ■ , <?d„ be the normalized 
Hecke eigenforms in S , ™ w (/o(2)). Then the set {gi | i = 1 , . . . , d w } is an orthogonal 
basis for 5fc(.To(2)). ft follows that 

and to show that {-Bfi ^fc— 2 7} an< ^ {^fc^i-^T 3 } are bases, it suffices to prove that 



det 

l<i<d„ 
2<j"<d„ + l 



( E 2j E k-2j>9i) 

(9i,9i) 



7^0, 



det 

l<i<d„, 
2<J<d™+l 



(3 



0i) 



(9t,9i) 



^0. 



Now according to Proposition 2 of [10] . we have, for i = 1, . . . , 2d' k , 

( E 2j E l-2j>9i) = ( E 2j E i™2jifi ± /i| W2 ) 

ji — ft / 



c,-(l + 2 i - fc (l - Xi))L(fi,k - l)L(fi ±fi\ U2 ,k- 2j) 
c,(l + 2 1 - k (l - Xi))L(f h k - l)L{g u k - 2j), 



and, for i = 2d' k + 1, 



7 dw J 



( E l E i™2i,9i) = Cj(ei + 2- k/2 )L(g u k - l)L(g h k - 2j) 
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where £(/, s) is the Hecke L-function associated with an cigenform /, 

_ (fc-2)! 4j 2 j 1 
C J - ( 47r )k-i ' #^7 ' i _ 2 2j ' (1 - 2 2 J"-*)C(fc - 2j)' 

A« = X c i' k +i is the eigenvalue of /» under the Hecke operator T2, and e; is the 
eigenvalues of under the Atkin-Lehner involution For convenience, we have 
also set fi = fi-d', for i = d' k + 1, . . . , 2(4. It follows that 



det 

l<i<d w 
2<j<d m +l 



det [L( Si ,k-2j)]-*[[ 

2<j<d w +l 



and 



det 

l<i<d m 
2<j<d w +l 



where 



b> = 



(9i,9i) 

( E k-2j E 2? > 9i) 

' (1 + 2 x " fe (l - A i ))L(/ i , k — 1), for * = 1, . . . , 2d' k , 
(e l + 2~ k / 2 )L(g l ,k-l), 



(9i,9i) ■ n ' 



det [L(0i,2j)]-n 

2<j<d„+l 



for i = 2d' k + 1, 



Clearly, the numbers Cj are never zero. Also, using the upper bound \a p \ < 2p( fe ~ 1 )/ 2 
for the p-th Fourier coefficients of a normalized Hecke eigenform ^ a n q n on 6X2 (Z), 
we know that L(fi, k — I), L(gi, k — 1) and (1 + 2 1 ~ fc (I — Aj)) do not vanish. Then 
the proof of the theorem reduces to that of 



(4.2) 



det [L( 9i ,k-2j)]^0, det [Zfo, 2j)} ± 0. 

2<j<d w + l 2<j<d w +l 



On the other hand, consider the sets 
(4.3) {Rr (2),w,2j+i \j = 1, • • • ,d w }, {Rr (2),w,w-2j-i \j = 1> 
Again, we have 



I? 



E(Rr (2).w,n> 9i) 



By Definition O 

2 _1 (2i) tu+1 (5i,i? ro ( 2 ) iMin ) 



i(z)z n dz 



T L(gi,n + 1). 
are both bases for 



(-2m) 

It follows that (|4.2p holds if and only if the two sets in 

s w+2 (r (2)). 

To show that 

{Rr (2),w,2j+1 I j = 1, • ■ ■ ! ^w} 

is a basis, we consider the coefficients of X w ~ 21 in r + (Rr (2),w,2j+i)- When w is a 
multiple of 4, the coefficients are 

2W _2i-2i-l / w _ 2 j 

w - 2j V 2i 



Bw-2i-2j, 
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and the proof proceeds as in Theorem 11.41 and the details are skipped. When 
w = Ad + 2 with d w = d for some positive integer d, the coefficients are 



Then we have 



det [oifl = det 

l<i,j<d l<i,j<d 



2 w-2i-2j-l / w _ 2 j 

w-2j \ 2i 

2 w—2i—2j — X 



B w -2i-2j — 3d,i8d,j 



Bn 



2d +2 



w - 2j 



w - 2j 
2i 



B w -2i-2j 



1 



2d 



- det 

2 t<i,j<d-l 



2 to— 2i— 2j— 1 

w - 2j 



w - 2j 
2i 



B 



w-2i-2j 



By the first and the third identities of Theorem A in Appendix A, the first term is 
equal to 

\ 2 7 



2*-» nH n<-«-».npf,#« 

\i=l / 7 = 1 i=l y ' - 



D 



w-2i-2j 



(w-2i- 2j)\ 



n 



(2i)! 



n( 2 



i + l) 



-(2d-t) 



i = l 



while the second term is 



2 (d-i)<>-x) 



' d-l 



d-1 



d + 2 



det 



\t=i 

>l-rf d -! 



2d + 2 



3=1 »=1 V ^ - ' J - 

n (u, " f Mir 1)l d(M + 1} n 1 ^ + i ^ d ~ i] 



B w -2i-2j 



(w-2i- 2j)\ 



i=l v ' i=l 

The ratio of these two terms is 

d+1 («;-2d-l)! 



d+1 



d(2d+l) (2d)! d ' 

which is never equal to 1. From this we conclude that deti<ij<d[o-ij] and thus 
that {E2j +2 E^ 2 j I J — 1) • • ■ j^io} is a basis. The proof of the assertion about 
{E 2 X j^ 2 EZ-2j I J = 1) • • • i i s similar, and is omitted here. □ 

Proof of Theorem \1.7\ The proof uses a straightforward argument in elementary 
linear algebra, and is skipped here. For more details, see Theorem 2.9 of (SJ. □ 
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Appendix A: Evaluation of Hankel determinants of Bernoulli numbers 

by Christian Krattenthaler 

In this appendix we will derive exact formulas for Hankel determinants formed 
by Bernoulli numbers. We utilize the following theorem. 

Theorem CF. Let (Hk)k>o be a sequence with generating function X]fe°=o l^kX k 
written in the form 

Mo 



E< 



„k 



k=0 i 



CL\X 



a 2 x 



Then we have 

det \p,i+j] = ^Q(a 1 a 2 ) n ^ 1 (a 3 a i ) n ~ 2 . . . (a 2 n-5a 2n -4) 2 {a 2 n-3a2n-2) , 
0<i,j<n— 1 

det [fM+j+i] = (- l) n ^o a™ (aaas)™ - (0405)"" • . . (a2ri-4a2n-3) 2 (a2n-2a2n-i), 

0<2,j<n— 1 

and 

det \p i+ j +2 ] = Aioa"(a 2 a3)™" 1 (a4a 5 )" _2 . . . (a 2n - 4 a2«-3) 2 (a2n-2a2«-i) 

0<zj<n— 1 



E 



Q<i 1 -l<i 2 -2<...<i n -n<n 



Here the first two formulas are from Theorem 7.2 of [TT], and the third is from 
Theorem 30 of [TBI 



Theorem A. Let B n denote the n-th Bernoulli number. Then we have 

2n-l 

4"™ 2 Y[ (2i + l)- {2n - t \ 



det 

0<i,j<n-l 



B 



2i+2j+2 



det 

0<i,j<n-l 



det 

0<i,j<n-l 



{2i + 2j + 2)\_ 

B 2 i+2j+i 

(2z + 2j + 4)! 



B 



2i+2j+6 



(2i + 2j + 6)! 



(_l)«4-« 2 -» 9 -« Y[ {2i + Z)- [2n ~ l \ 

i=l 

2n+l 

A- n2 - 2n {n + l)(2n + 3) jj (2i + i)-( 2 «+ 2 -*) 



Proof. In view of Theorem CF, we should determine the continued fraction expan- 
sion for the generating function for the numbers £?2n/(2n.)!, n > 1. Writing £ = a;/2, 
we have 

zN 1 te* + £e~* - e* + e~* 



E 

fc>0 



B, 



1 / x 



(fc + 2)! a; 2 Ve x -l ' ' 2/ At 2 e* - e~* 



1 



5 i 2 



1 S (2n) ( 2 "+ I " I'M"^ 



4t 2 x t 2n+1 
^ (2n+ 1) 



n>0 



12 F r a* 2 
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Equivalently, by using the fact that B n = for odd n > 3, 



E 

fe>0 



B 



2fe+2 ^fc 



1 



5 x 
2' 16 



(2fc + 2)f 



12 



3 a; 
'2' 16 



Now, Gauss proved the following continued fraction expansion 
2 F 1 (a,b+l;c+l;z) 1 



2 Fi(a, b; c; z) 



1 



a 2 z 



where 



(a + n — l)(c — 6 + rt — 1) (6 + n)(c — a + n) 

<22n-l = 7 — TTT —Z TT-j A2n = 



(c+2n-2)(c+2n- 1) (c+2n- l)(e + 2n) 

(See [TTJ Theorem 6.1].) Replacing a by b, c by 3/2, and z by x 2 /(166 2 ) and 
subsequently letting b tend to infinity, we obtain 

TP 1 5 X 



3 x 
'2' 16 



a 2 x 



where 



that is, 



d2n-l 



4(4n- l)(4n+ 1)' 



Ct2r, 



1 



4(4n+ l)(4n + 3)' 



4(2n+l)(2n + 3) 

We now apply Theorem CF with Hk = i?2fe+2/(2fc + 2)!. The first identity of the 
theorem yields 



dct 

0<i,j<n-l 



B 



2i+2j+2 



(2i + 2j + 2)! 



= 12 ™ JJ (l6(4fc-l)(4fc + l) 2 (4fc + 3)) ( " k) 
=i 

-n / 3 -(n-l) 5 -(2„-2) _ 3 )2^ 4n _ ^ 

i-l 

4-™" [| (2i + l)- (2 "- l) , 



4-™V r 

2n-l 



i=l 



and the second identity gives 

B 2 i+2]+i 



det 

0<i,j<n-l 



(2i + 2j + 4)! 



n-l 



(-720)-" ]J (16(4* + 1)(4* + 3) 2 (4fc + 5)) (n fe) 
fc=i 

2n-l 

(_l)«4-« 2 -«9-" Y[ (2^ + 3)- (2n - ^) . 



i=l 
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For the third case, we have 
det B ^+y+z 

0<i,j<n-l 



(2i + 2j + 6)! 



(-1)™ det 

0<i,j<n-l 



B 



2i+2j+i 



Now 



E 



0<ii— l<i 2 -2<...<i n — n<n 



E 



(2i + 2j + 4)! 

E 

0<ii— 1<»2— 2<...<i„— n<n 



1 



0<u 



(2ii + l)(2*i + 3)(2 i2 + l)(2i a + 3) . . . (2i„ + l)(2i„ + 3) ' 



-K...<i n —n<n 

The denominator of each summand is a product of 2n distinct odd integers among 
the 2n + 1 odd integers ranging from 3 to 4n + 3. The only missing odd integer 
must be of the form 4fc + 3, corresponding to the choice . . . , i n ) — (1, 3, . . . , 2k — 
1, 2fc + 2, . . . ,2n - 2, 2n). Thus, we see that 



E 

0<ii-K...<i„ 



1 



-n<n 



4™(4n + 3)!! ^ 



(4fc + 3) 



(2rc + 3)(n+ 1) 
4™(4n + 3)!! : 



where (4n + 3)!! denotes the product of all odd integers less than or equal to 4n- 
After simplification, we arrive at the third identity. This completes the proof. 



-3. 

□ 



Appendix B: Computing matrices representing the Hecke operators on 
S w +2(ro(2)) and their characteristic polynomials 

We will demonstrate a Mathematical program which, for given w and m, yields 
a matrix representing the Hecke operator 

on (-^b (^)) : and its characteristic 
polynomial. The program is a straightforward application of Theorem II .71 

w=10;(* w:even positive *) 

m=6;(* m:positive *) 

nn=2;(* nn:modulus, fixed *) 

dw=Quotient [w+2,4]-l; 

If [OddQEw] I I (dw<=0) I I (m<=0) I I (mi! =2) , 

Print ["w odd or dw<=0 or m<=0 or nn ! =2"] ; Exit [] ] ; 
berO [n_Integer ,x_] := 

Module [{b}, 

b=BernoulliB [n,x] -n*BernoulliB [1] *x~ (n-1) ; 
Return [b] ; 

]; 

smwn=Array [a,{2,dw}] ; (* period polynomials *) 
cosmwn=Array [d,{2,dw,w+l}] ; (* coefficients *) 
For[j=l,j<=2,j++, 
If [j==l , em=l , em=m] ; 
For [i=l,i<=dw,i++, 
n=2*i; tn=w-n; 
f sm=0 ; 

For [a=-em+l , a<em , a++ , 



Mathematica is a trademark of Wolfram Research, Inc. 
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For [b=-em+ 1 , b<em , b++ , 

For [c=-em+l , c<em , C++ , 

For [d=-em+l ,d<em,d++, 

If [(a*d-b*c==em) kk EvenQ [c] && 
OddQ[a] kk (a*b*c*d<0) , 
f sm=f sm+(a*b/Abs [a*b] )*(a*X+b) ~n*(c*X+d) "tn; 

]; 

]; 

]; 

]; 

]; 

f sm=f sm/2 ; 
ssm=0 ; 

For [a=l , a<=em, a++, 

If [(Mod [em, a] ==0) kk OddQ [a] , 
d=em/a; 

ssm=ssm+ (a~n) * (nn~tn) * (X"w) *ber0 [tn+1 , d/ (nn*X) ] / (tn+1) ; 
ssm=ssm- (d~tn) *ber0 [n+1 , a*X] / (n+1 ) ; 

]; 

]; 

If[(j==2) kk (Mod[m,nn]==0) , 
For [d= 1 , d<=nn , d++ , 
If [Mod[nn,d] ==0, 

For [c=l , c<=m/nn, C++, 
If [Mod[m/nn,c]==0, 

ssm=ssm- (nn"w) * (X~w) *MoebiusMu[nn/d] * (c~tn) 
*ber0 [n+1 ,m*d/ (c*niT2*X) ] / (d~n* (n+1) ) ; 

]; 

]; 

]; 

]; 

]; 

smwn [ [j , i] ] =f sm+ssm; 

cosmwn [ [j , i] ] =Coef f icientList [Expand [smwn [ [j , i] ] ] ,X] ; 

]; 

]; 

ml=Array [b , {dw , dw}] ; 
m2=Array [c , {dw , dw}] ; 
For[i=l,i<=dw,i++, 

For [j=l , j<=dw, j++,ml [ [i , j] ] =cosmwn [ [1 , i] ] . cosmwn [ [1 , j] ] ; 
m2[[i, j] ] =cosmwn [ [1 , i] ] .cosmwn [[2, j]]]] ; 
t=Inverse [ml] .m2; 

Print ["representation matrix=" ,MatrixForm[t] ] ; 

Print ["characteristic polynomial=" ,Det [t-x*IdentityMatrix [dw] ] ] ; 

The reader might be interested in comparing these results with those given at 
"The Modular Form Database" (http://modular.fas.harvard.edu/Tables/tables.html) 
by William Stein. 



30 



SHINJI FUKUHARA AND YIFAN YANG 



References 

[1] Antoniadis, J. A.: Modulformen auf ro(Af) mit rationalen Perioden. Manuscripta Math. 
74(4), 359-384 (1992) 

[2] Chan, H.H., Chua, K.S.: Representations of integers as sums of 32 squares. Ramanujan J. 
7(1-3), 79-89 (2003). Rankin memorial issues 

[3] Cohen, H.: Sums involving the values at negative integers of L-functions of quadratic char- 
acters. Math. Ann. 217(3), 271-285 (1975) 

[4] Cohen, H.: Sur certaines sommes de series liees aux periodes de formed modulaires (1981) 

[5] Diamantis, N.: Hecke operators and derivatives of L-functions. Compositio Math. 125(1), 
39-54 (2001) 

[6] Diamond, F., Shurman, J.: A first course in modular forms, Graduate Texts in Mathematics, 

vol. 228. Springer- Verlag, New York (2005) 
[7] Eichler, M.: Eine Verallgemeinerung der Abelschen Integrale. Math. Z. 67, 267-298 (1957) 
[8] Fukuhara, S.: Explicit formulas for Hecke operators on cusp forms, Dedekind symbols and 

period polynomials. J. Reine Angew. Math, (to appear), arXiv:math. NT/0506373 
[9] Fukuhara, S.: Hecke operators on weighted Dedekind symbols. J. Reine Angew. Math. 593, 

1-29 (2006) 

[10] Imamoglu, O., Kohnen, W.: Representations of integers as sums of an even number of squares. 
Math. Ann. 333(4), 815-829 (2005) 

[11] Jones, W.B., Thron, W.J.: Continued fractions, Encyclopedia of Mathematics and its Appli- 
cations, vol. 11. Addison- Wesley Publishing Co., Reading, Mass. (1980). Analytic theory and 
applications, With a foreword by Felix E. Browder, With an introduction by Peter Henrici 

[12] Kohnen, W., Zagier, D.: Modular forms with rational periods. In: Modular forms (Durham, 
1983), Ellis Horwood Ser. Math. Appl.: Statist. Oper. Res., pp. 197-249. Horwood, Chichester 
(1984) 

[13] Krattenthaler, C: Advanced determinant calculus: a complement. Linear Algebra Appl. 411, 
68-166 (2005) 

[14] Manin, Y.I.: Explicit formulas for the eigenvalues of Hecke operators. Acta Arith. 24, 239- 
249 (1973). Collection of articles dedicated to Carl Ludwig Siegel on the occasion of his 
seventy-fifth birthday. Ill 

[15] Manin, Y.I.: Periods of cusp forms, and p-adic Hecke series. Mat. Sb. (N.S.) 92(134), 378- 
401, 503 (1973) 

[16] Rankin, R.A.: The construction of automorphic forms from the derivatives of a given form. 

J. Indian Math. Soc. (N.S.) 20, 103-116 (1956) 
[17] Shimura, G.: Sur les integrates attachees aux formes automorphes. J. Math. Soc. Japan 11, 

291-311 (1959) 

[18] Skoruppa, N.P. : Binary quadratic forms and the Fourier coefficients of elliptic and Jacobi 

modular forms. J. Reine Angew. Math. 411, 66-95 (1990) 
[19] Zagier, D.: Hecke operators and periods of modular forms. In: Festschrift in honor of I. I. 

Piatetski-Shapiro on the occasion of his sixtieth birthday, Part II (Ramat Aviv, 1989), Israel 

Math. Conf. Proc, vol. 3, pp. 321—336. Weizmann, Jerusalem (1990) 
[20] Zagier, D.: Periods of modular forms and Jacobi theta functions. Invent. Math. 104(3), 

449-465 (1991) 

Department of Mathematics, Tsuda College, Tsuda-machi 2-1-1, Kodaira-shi, Tokyo 
187-8577, Japan 

E-mail address: fukuharaOtsuda.ac.jp 

Department of Applied Mathematics, National Chiao Tung University, 1001 Ta Hsueh 
Road, Hsinchu, Taiwan 300 

E-mail address: yfyang@math.nctu.edu.tw 



